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ON GLOBAL SOLUTIONS FOR QUASILINEAR ONE-DIMENSIONAL PARABOLIC 
PROBLEMS WITH DYNAMICAL BOUNDARY CONDITIONS 

SIMON GVELESIANI, FRIEDRICH LIPPOTH, AND CHRISTOPH WALKER 


Abstract. We provide sufficient and almost optimal conditions for global existence of classical solutions in 
parabolic Holder spaces to quasilinear one-dimensional parabolic problems with dynamical boundary condi¬ 
tions. 


1. Introduction 

The focus of the present research is on the one-dimensional quasilinear parabolic equation 

Ut - a{t,x,u,Ux)uj;j; = , {t, x) € {O, T) X {-g, £) , (1.1) 

supplemented with a nonlinear dynamical boundary condition 

Ut ±b{t,x,u,Ux)ux = g{t,x,u,Ux) , t G {0,T), x = ±g , (1.2) 

and the initial condition u(0, •) = on [—£,€], where T > 0 and £ > 0 are given fixed numbersQ 
Equations of the form dl.lb . (11.21) occur in various fields of natural sciences, we refer e.g. to ifTHTl fTOlfTTll 
and the references therein. In the past decades many different aspects of problems with dynamical boundary 
conditions (also in higher space dimensions) have been investigated by means of different techniques (e.g. 
ll2ll5l48l fT0lfT6lfT8ll25l[3T1 ') for well-posedness issues, also related to the sign of the function b in (11.21) 
(e.g. |I3|5]|28l[30l) or for possibly degenerate equations (see M and the references therein). Research has, 
of course, also focused on questions regarding global existence and related a priori estimates and blow up 
phenomena ||3ll4ll7ll9l 4TTl[T^^5ll251l26l . None of these lists of references is complete though. 

The starting point of our investigations are, on the one hand, the results of ||2l for equation dl.lb subject 
to the gradient-independent dynamical boundary condition 

ut ±b{t,x,u)ux = g{t,x,u) , t G {0,T), x = ±g , (1-3) 

and, on the other hand, the results of ll^ related to dl.lb but subject to more standard boundary conditions 
of Dirichlet, Neuman, or Robin type. In 121 criteria were found for the existence of global (i.e. existing 
on the whole time interval [0, T)) classical solutions for the boundary value problem dl.lb . dl.3b . though 
not restricted to one dimension. Roughly speaking, it was shown that if a = 6 and if the growth of the 
right-hand side f{t, x, u,p) in the gradient variable p is not faster than 1 + then bounded solutions 

are global provided that a = 0 in the general quasilinear case and a G [0,1) in the semilinear case (i.e. 
if a = 6 is also independent of u). Furthermore, it was shown in 12] that if a > 1, then gradients of 
bounded solutions may blow up in finite time and thus, solutions do not exist globally in general. At least 
for the case of Dirichlet or Neuman boundary conditions it is we 11 known that a quadratic growth of the 
quotient f(t, x, u,p)/a{t, x, u,p) as p oo is an almost optimal condition for global a priori estimates 
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on the gradient of solutions to (II.lb . ( 11.3b . Actually, global a priori estimates can be derived under the 
Bernstein-Nagumo condition 


f{t,x,u,p) 
a{t, X, u,p) 


< V'(bl) 


(1.4) 


with a positive function ip obeying 


OO 



(1.5) 


in which case ip can grow even faster than quadratic. This last conditions is sharp in the sense that its 
violation leads in several situation to a gradient blow up, see 0, Ell, the introduction of 1^ , and the 
references given therein. Nevertheless, in the one-dimensional case with Dirichlet or Neuman boundary 
conditions, the Bernstein-Nagumo condition was improved in ll2^ by means of the doubling of variables 
technique to cope with right-hand sides / = /i + / 2 , where only fi satishes (El and /2 enjoys some 
monotonicity properties. The long time behavior of solutions also depends on the boundary conditions lIZTl . 

The aim of the present paper is to prove similar results as just described on existence and a priori 
estimates for the case of (II.lb subject to the nonlinear dynamical boundary condition (11.2b or (El . More 
precisely, we hrst prove with Theorem l2.2l an existence result for (II.lb subject to (11.2b in parabolic Holder 
spaces (recalled in the AppendixH which includes a general global existence criterion that can be simplihed 
when restricting to the gradient independent boundary condition (11.3b . In Section [3] we then show that 
under the Bernstein-Nagumo condition one may derive Loo-estimates on the gradient of bounded classical 
solutions to (II.lb subject to (11.2b . see Theorem l3.ll A similar result is obtained in Theorem l3.2l for a weaker 
version of the Bernstein-Nagumo condition and in Theorem 13.31 for mixed boundary conditions, that is, 
when a dynamic boundary condition is imposed on one boundary point and e.g. a Dirichlet condition on the 
other. These gradient estimates can be used to derive Holder estimates on th e gradient (see Corollary 13.4b 
which, for the special case of (ETT l subject to (11.3b . imply that bounded solutions exist globally in time, see 
Corollary 13.51 Finally, in Proposition 13.71 we provide conditions under which solutions to (II.lb subject to 
(11.3b are bounded and thus exist globally in time as stated in Corollary 13. 8 1 


2. Local Solutions 

In this section we show a local existence result in the parabolic Holder space (see the 

Appendix for a definition and properties) with t > 0 and Ht- := (0, r) x (—f, t) for equation (II.lb subject 
to the dynamical boundary condition (11.2b . To do so, we hrst consider the corresponding linear problem 

ut - a{t,x)uxx = f{t,x), {t,x) e {0,T) X (2.1) 

ut±b{t,x)u^ = g{t,x), x = ±£, (2.2) 

u(0,x) = vP{x), x G [—f] (2.3) 

and recall the following result: 

Proposition 2.1 (lUJ Theorem 1.1]). Let a G (0,1). Let a G and b(-,±£) G (^^([Ojr]) 

satisfy 

m~^ < a(t,x) < m, {t,x) G ilr, < b{t,±£) < m, t G (0,T), (2.4) 

for some m > 0 and let f G and g{-, ±f) G ([0, T]). Ifu^ G f, £]) satisfies the 

compatibility condition 

{aul, + f) (0, ±e) = {T bu° + g) (0, ±£), (2.5) 

then there is a unique solution u G to (I2.1b - (l2.3b such that Ut(-,±£) G 

Moreover, there is a constant 


Cl :=ci (r,m, 
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such that 


|(l+§i2-|-a) 

IOt 




(f.“) 
0,1 


0|(2-|-a) 




( 2 . 6 ) 


Proposition l2.1l is stated and proved in 15] Theorem 1.1] in dimensions higher than one, a detailed proof 
for the one-dimensional case may also be found in 1191 . A more general situation is considered in H) in an 
Lp-setting. The constant ci is increasing with respect to T. Also note that the compatibility condition for 
the initial value is natural as we consider classical solutions. 


Based on the previous result we next prove an existence result for classical solutions to the nonlinear 
problem (II.Ik (ll.21 i by means of the contraction mapping principle. This naturally yields a global existence 
criterion that we shall exploit further in the subsequent section. Let us point out that other methods and 
other solution spaces are possible as well, of course, see e.g. 0 (and the references therein) where a in 
(II.Il l is gradient-independent. 

Theorem 2.2. Let a € (0, 1) and 

a, f € X X R X R), , p(-,±£, •,•) e C‘^{[0,T] x R x R) (2.7) 


satisfy the uniform parabolicity condition 

a{t, X, z,p) > 0 , dib{t, ±1, z,p)p -f b{t, ±1, z,p) =F d^gif, ±/, z,p) > 0 
for {t, X, z, p) € [0, T] X [— f , f] X R X R. Let € (7^“'"“ ([—f, £]) satisfy the compatibility condition 
=F&(0, X, u°, u°)u° + g(0, X, u°) = a(0, x, + /(O, x, u°) at x = ±i. 


( 2 . 8 ) 

(2.9) 


Then the problem (fO . (fOl subject to u(0, •) = admits a unique solution u on a maximal interval of 
existence [0,Too) C [0,T] such thatu € C^~^'^’^~^'^(£2T)for any t < Too and either 

lim |m|q ^ ^= c» (2.10) 

oru G 

Moreover, in the special case (fO l when b and g are gradient-independent and b(-, iL£, •) > 0, then either 

^hrn (|m|o^ -f = oo 

oru G 


Proof To prove existence of a local solution we formulate the problem as a fixed point equation to which 
we may apply the contraction mapping principle. To do so, we set 

h{t,±£,z,p) := b{t,±£,z,p)pT g{t,±£,z,p) , it,z,p) e [0,r] x R x R , 

ho(f, ±£) := d4h{t,±£,u^{zL£),u^{±£)) , f G [0,r] , 

ao{t,x) := a{t,x,u°{x),u°{x)) , {t,x) G [0,T] x [—£,£] ■ 

Observe that ho{t, ±£) > 0 thanks to ( 12.8k Given r G (0, T] dehne the Banach spaces 

Eo(t) := {iv,w,z);v G C^’^{nr),w{;±£) G C^([0,t]), 2 G C"+“(H,£]), 

{y + aoZxx){£i,±£) = (wT^o2:rT)(0,±f)} 


and 

Ei(t) := {u G ut{-,±£) G C^([0,r])} , 

equipped with the norms 


||(u,u;,z)||Eo(r) := kl 


(f.“) 

six 


w{ 


( 1+2 

l[0.r] 


\w{-,-£)\ 






+ kl 


(2+a) 

[- 1 , 1 ] 
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and, respectively, 

\WKir) ■■= ■ 

Then, introducing the operator Lq by setting 

{Lou){t,x) := {ut{t,x) - ao{t, x)ua;xit, x),ut{t, ±£) ± ho{t,±e)uxit,±e),u{0,x)) , {t,x) e , 

for u G ]Ei(t), we derive from (12.81) and Proposition 12.11 that Lq G £(Ei(r),Eo(T)) is a topological 
isomorphism for any r G (0, T] with 

sup 11^0 ^ll£(Eo(r),Ei(r)) < OO. (2.11) 

re{0,T] 

In order to solve problem (II. 11 1. (11.21 ). we shall seek for a fixed point of the mapping T* given by 

T>(u) := Lq^{F{u),H{u),u°) , 

where 

F{u) := (a(-, ■, u, Ux) - ao)uxx + /(•, •, u, Ux) , 

±^) := ±ho{-, ±i)uxi-, ±^) T H', «(•, ±£),Uxi-, ±^)), 

for u G Ei(r). For this we show that $ is a contraction on the set 

V(r) := {u G Ei(t); u( 0) = , ||u||Ei(r) < M} 

when r is chosen sufficiently small, where 

M > 2||$(uo)||ei(t) + I|uo||ei(t) • (2.12) 

First observe that (^F{u),H{u),u{0, •)) G Eo(t) for u G V(t) due to (12.91 ) and u(0, •) = We then 
claim that, given e > 0, there is r* G (0, T] such that 

\\{F{u),H{u),u°) - < e||u - ?;||Ei(r) (2.13) 

for all u,v € V(t) and all 0 < t < t*. Indeed, for u,v € V(r) we have 

H{u) - H{v) = [ ± /lo T + (1 - <j)vx)] - v^r) da 

^0 

and thus 

/ l + Q \ / 1 + Q \ 

\{H{u) - H{v)){-,±£)\: l, < sup \{ho-d4h{-,-,u,aUx + {l-a)vx){-,±£)L\ 

^ ^ o-e(o,i) ^ ‘ 

X I (Ua:: — 'Ua;)(') i(*) I 

+ sup l(ho — d4h(-, ■, u, aux + (1 - a)vx))i-,±£)\,Q , 
o-e(o,i) 

X I (Us — i.^)| ■ 

Note that 

\ux{-,±£) - \ux{-,±£) - ||M-u||Ei(r) 

and, since /ig ~ d 4 h{-, •, u, aUx + (1 — cr)vx) = 0 at (f, x) = (0, ±f), we may estimate 
I {ho - d4h{-, ■, u,aux + (1 - cr)vx)) (•, ±£) | 
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with a constant ci(M) depending on second order derivatives of h (here and in the following we ignore 
possible dependence of constants on the number a). Consequently, 

(2.14) 

Writing 

F{u) - F{y) = /(•, •, u, Ux) u, Vx) + (a(-, •, u, Ux) - ao) [uxx - Vxx) 

+ (a(-, ■,u,Ux) - a(-, ■,v,Vx))vxx 

and observing that a(-, ■,u,Ux) - ao, a{-, ■,u,Ux) - a{-, ■,v,Vx), and /(•, ■,u,Ux) - /(•, ■,v,Vx) are of 
lower order with a{-, ■,u,Ux) — ao = 0 at f = 0, standard interpolation inequalities for parabolic Holder 
spaces (see Il22l and Proposition H.ll i together with similar arguments as above imply that 

|(a(-, ■,u,Ux) - ao) (uxx - Vxx)\[^l’°‘'’ 

< sup |a(-,a:,M,'Ua:)-ao(-,a;)|L^, ^ IIm-uIIeiIt) 

+ c{l) sup ||a(f, •,u,Ua:)-ao(f, Ollciil-i.q) llu-'t'llEi(T) 

t€(0,r) 

< c(M, 1) (r^/^ + ||m - u||Ei(r) 

as well as 

\{a{-,-,u,Ux) - a{-,-,v,Vx))vxx\^J^'°‘'^ < c{M) (r^ +r^) ||u-u||ei(t) 

and 

\f{-,-,u,Ux) - f{-,-,v,Vx)\l^^’‘^'' < c{M) (t^ +t^) ||u- uIIeiM > 

with constants depending on derivatives of a and / up to second order. These estimates combined with (12.141) 
yield (imi l. 

Next note that (12.1 lb and (12.13b imply 

||$(u)-$(w)||Ei(r) < ^||M-v||Ei(r) , M, W G V(r) , (2.15) 

for T > 0 small enough. Also note that (12.15b and (12.12b entail that 

ll^(w)llEi(r) < ||^(mo)||ei(T) + 2 (II'“IIei(t) + I|uo||ei(T)) < 

for u G V(r), that is, T* maps V(r) into itself. Consequently, the contraction mapping principle yields a 
unique fixed point u G V(t) for the mapping T* which solves problem (II. lb . (11.2b subject to u(0, •) = 
Clearly, this local solution can be extended to a solution u on a maximal interval of existence [0, Too) C 
[0, T] such that u G for any T < Too and either 

1* I |(t+^i2+Q:) 

lim m U = oo 

ryToo 

or M G 

Finally, consider the special case (11.3b when b and g are gradient-independent with b{-, zk£, ■) > 0. 
Suppose that there are a constant i? > 0 and a sequence ^ Too such that 

sup (|u|a^. + + {ux)’q’‘^'') < R- 

leN 

This clearly implies that in fact 

sup {\u\q^ + \ux\n^ + {Ux)^n^’“'’) < R- 

T<'Too 


( 2 . 16 ) 
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It then follows from equation (ll.31 l that 


sup |ut(-,±£)|[o,^] < c(i?). (2.17) 

T<Too 


Using this and the fact that 

\u{t,y) - u{s,y)\ < [ \ua;it,z)-Ua;is,z)\dz+\u{t,-e)-u{s,-i)\ 
J-i 

for {t, s, y) e [0, ToaY X [-£, ^], we find 

sup(u)g’“^<c(i?,£)(l+Ti-“/2). 

'T<Too 

Now, (12.161 1. (12.17b . and (12.18b imply 

1 


max||5|g’“\ |6(.,±f)|pp, <c(i?,f,T) 


(2.18) 


(2.19) 


for each t < Too, where a(t, x) := a(f, x, u{t, x), Ux{t, x)) and /, h, g are defined analogously. 

As a and b are strictly positive on [0, T] x [—f, x [—i?, i?]^, respectively, on [0, T] x {±f} x [—i?, R], 
Pror)osition l2.1l ensures the existence of a constant c = c(i?, f, T, |u°|q such that 




< c, 


T < Too , 


hence u S by our previous findings. This proves the theorem. 


□ 


Actually, a closer look at the proof shows that the global existence criterion (12.10b for the general (i.e. 
gradient-dependent) case can be weakened. Indeed, it suffices to control 

uniformly in t < Too in this case. Moreover, since the maximal regularity result stated in Theorem 12.II 
holds also true in higher space dimensions (see IS] Theorem 1.1]), one easily verifies that Theorem 12.21 is 
true in this case, too. 


3. A Priori Estimates and Global Solutions 

Theorem l2.2l reduces the question of global existence to (II.lb with gradient-independent boundary con¬ 
ditions (11.3b to finding a priori estimates for 

\u\n^ + \ux\n^ + (3.1) 

independent of t < Tqo for the solution u on the maximal interval of existence [0, Too) C [0,T]. The 
aim of this section is to further reduce this condition. More precisely, we shall show Loo- and Holder- 
bounds on the gradient Ux solely based on bounds on |u|a^ = sup^j x)enx l“(^> ^)l’ ®how that a 

bound on the first term of (13.1b implies bounds on the second and third terms. It is worthwhile to point out 
that we can obtain such estimates even for equation (II. lb combined with the gradient-dependent boundary 
condition ( 11.2b . While Holder-estimates on the gradient, i.e. estimates on {ux)[^ are rather easy to 
obtain from the existing theory (see Subsection 13.2b . more effort has to be invested in Subsection 13.11 to 
derive estimates on \ux\ax- 
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3.1. A priori estimates on the gradient. We shall find a priori Loo-bounds on the gradient Ux of a solution 
to (II.lb . (11.2b presupposing a bound on its Loo-norm. The proof is in the spirit of Il29l and uses Kruzhkov’s 
idea of introducing a new variable 12011211 . In the next subsection we derive gradient estimates when im¬ 
posing the Bernstein-Nagumo condition. In Subsection l3.1.2l we then indicate how to weaken this condition 
for a right hand side / + /i in (O where only / satishes the Bernstein-Nagumo condition and fi is al¬ 
lowed to be unbounded in the gradient variable. We also consider the case of mixed boundary conditions in 
Subsection l3.1.3l 


In the following, a classical solution to (II.lb . (11.2b [resp. to (II.lb . (I1.3b 1 on with r < T is a function 
u € with derivatives and Ux{-,^t) being dehned on ( 0 , t ) and satisfying (II.lb . 

( 11.2b [resp. (II.lb . (I1.3b 1 pointwise in Q.x- Note that the existence and uniqueness of such a solution (with 
higher regularity) is guaranteed by Theorem l2.2l when imposing the assumptions stated there. 

Throughout we assume continuity of the data, that is, 

a, / e (::'([0, T] X [-i, £] X K X R), &(•, ±^, •, •), g(-, ±£, •, •) e C([0, T] X R X R) 

and the parabolicity condition a > 0 and 6(-, ±£, •, •) >0. Stronger assumptions will be indicated explicitly. 


3.1.1. Gradient estimates under the Berstein-Nagumo condition. The next theorem provides a priori 
estimates on the gradient for any classical solution u to (II.lb . ( 11.2b on Vlr with r < T in dependence on its 
Loo-bound. 


Theorem 3.1. Let be Lipschitz continuous on [—£], that is, 

|M°(a;) -u°{y)\ < K\x - y\, x,y € [-£,£]. 

Let M > 0 and suppose that there are > K and ip G ([0, oo), [1, cx))) with 


OO 



Pdp 

^{p) 


qo 


> 2M, 


such that 

\f{t,x,z,p)\ < a{t,x,z,p)'4){\p\), {t,x,z,p) X [-M,M] x R 

and 


(3.2) 


(3.3) 

(3.4) 


±g{t,£,z,±p) <h{tj,z,±p)p, Tg{t,-£,z,±p) <h{t,-£,z,±p)p, (3.5) 

for {t, z) G (0, T] X [— M, M] andp > qq. Then there exists a constant Mi := Mi (M, ip, K) such that if 
u is any classical solution to (fO i. (O on fix with T < T subject to u(0, •) = vP satisfying < M, 

then \ux\nx < -^i- 


Proof We adapt the proof of Il29ll to the case of the dynamic boundary condition ( 11.2b . Due to ( 13.3b there 
is <71 > qn with 


^(p) 


= 2M. 


(3.6) 


qo 


Let K be dehned by 

Since ip is positive, k is strictly decreasing on [( 70 )<?i] with K{qi) = 0. Thus, its inverse q := k~^ is 
decreasing on the interval [0, kq], where kq := K{qo), with g(0) = qi and q{Ko) = qo. Dehne 


H0--= [ 

qii) 


pdp 
^(p) ’ 


C S [0, /Co]. 
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Noticing that 


^'(0 = 9(0 > 90 , ^"(0 =- V '( 9 ( 0 ) ) 


(3.7) 


we see that the function h solves 

h ''{0 + m'{ 0 \) = ^, Ce(0,«o), 

h{Ko) = 2M, /i(0) =0. ^ ’ 

Since h' > > K and /i(0) = 0, there is for x,y £ [—£, i] with \x — y\ < kq some ^ £ [0, \x — y\] such 

that 

H\x - y\) = ^'(Ok -y\> K\x - y\. 

Hence, by (13.2b . we have 

|u°(x) - u°{y)\ < h{\x - y\), x,y G \x - y\ < kq. 

Let us define the sets 

51 := {{t,x,y) G P : -£ < x < -£ + kq, y = -£, t G (0,t]}, 

5 2 := {{t,x,y) G P : x = i, £ - kq < y < £, f £ (0, r]}, 

5 3 ■■= {{t,x,y) G P : X = y, t G (0,r]}, 

5 4 := {{t,x,y) G P : x - y = kq, t G (0, r]}, 

where 

P := {{x,y) G i-£,£f ■■ 0 <x - y < kq}, Pr := (0,r) x P. 

We put 

4 

S':=yS'„ H:={0}xP, r:=S'UP 

and define the auxiliary functions v, w, and w by 

v{t,x,y) := u{t,x) - u{t,y), 
w(t,x,y) := v{t,x,y) - h{x - y), (3.11) 

w{t,x,y) := e~*w{t,x,y) 

for {t, X, y) G Pt- Derivatives with respect to the second and third variable we denote as derivatives with 
respect to x and y, respectively. To keep notation as simple as possible we also use Ux '■= Uy := d 2 U. We 
shall show that w does not attain a positive maximum in Px- Let {t, x,y) G Pt\T and note that {t, x) and 
(f, y) belong to Thus 

x) + a{t, X, u, Ux)uxx + fit, X, u,Ux) = -Utit, y) + ait, y, u, Uy)uyy + fit, y, u, Uy) = 0. 
by (Ol, where we use here and in the following the notation 

ait, y, u, Uy)uyy ■- ait, y, uit, y), Uyit, y))uyyit, y). 

Subtracting the two equations and using the definition of v we obtain 

-vtit, X, y) + ait, X, u, Vx)vxx + fit, x, u, Vx) + ait, y, u, -Vy)vxx - fit, y, u, -Vy) = 0. (3.12) 

Recalling from (13.4b that 

fit, X, u, Vx) < ait, X, u, Vx)'>fi\vx\), -fit, y, u, -Vy) < ait, y, u, I) (3.13) 

and using the notation 

Ait, x) := ait, X, u, Vx), Ait, y) := a(f, y, u, -Vy). 


(3.9) 


(3.10) 
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we derive from ( 13.121 ) and (13.131 ) the inequality 

-vt{t,x,y) + A(t,x){vxx +tpi\vx\)) + A{t,y){vyy + V'(kyl)) > 0- 

Note that (13.81 ) implies 

A{t, x){h"{x -y)+ il}{\h'{x - y)|)) + A{t, y){h"{x -y)+ {x - y)|)) = 0. 

Subtracting the previous (in-)equalities yields 

-wt{t,x,y) + A{t,x)wxxit,x,y) + A{t,y)wyy{t,x,y) +r{t,x,y) > 0, 

where 

r{t,x,y) := ^l){\vx{t,x,y)\) - -tpiW{x - y)\) + -4){\vy(t,x,y)\) - ipUh'^x - j/)|), 

that is, 

- Wt - w + A{t,x)wxx + A{t,y)wyy+re~* > 0, {t,x,y) G Pr\T. (3.14) 

Assume for contradiction that the function w attains its positive maximum at [to, xq, yo) G Pr \ T. At this 
point of maximum there holds 

w{to,xo,yo) > Q, wt{to,xo,yo) Wxx{h,xo,yo) Wyy{to,xo,yo) < 0. (3.15) 


Moreover, 


Wx{to,xo,yo) = Wy{to,xo,yo) = 0 

from which, by definition of w, we get 

e~\vx{tQ,Xo,yo) - h'{xo - yo)) = e~\vy{to,xo,yo) + h'{xo - yo)) = 0. 


Thus 

Vxito,XQ,yo) =-Vy{tQ,XQ,yQ) = h'{xo - yo) and r{to,xo,yo) = 0- (3.16) 

Since both A{tQ, xq) and A{to, yo) are non-negative it follows from (13.151 ) and (13.161 ) that 

-Wt-w + A{t,x)wxx+A{t,y)wyy+re~*<0 at {t,x,y) = {to,Xo,yo) (3.17) 

which contradicts ( 13.14b . Therefore, w does not attain a positive maximum in Pt \ T. 

We next show that w does also not attain a positive maximum on T for which we distinguish the two 
cases Ko < 2£ and ko > 2 £. 

Case 1; kq < 2i. In this case we have —i < y < i for {t,i,y) G 82 - Thus, the function u satisfies 
equations (11.1b and (11.2b at the points {t, y) and (f, £), that is, 

y) + a{t, y, u, Uy)uyy + f{t, y, u, Uy) = 0, 

£) - b{t, £, u, Ux)ux + g{t, £, u, Ux) = 0. 


Subtracting the two equations and recalling (13.4b and the definitions of v and A{t, y), we derive the inequal¬ 
ity 

-Vtit,£,y) + A{t,y){vyy +'tpi\vy\)) +ri{t,£,y) > 0, (3.18) 

where 

ri {t, £,y) := -b{t, £, u, Vx)vx + £, u,Vx) ■ 

Since (t, £, y) G S 2 PT and hence 0 < £ — y < ko, it follows from (13.8b that 

A{t, y){h"{£ -y)+ {£ - y)|)) = 0. 

Subtracting this from (13.18b and using the definition of w, we derive 

- Wt - W + A{t,y)wyy+ r 2 e~^+ rie~^ >Q, (t,£,y) G S 2 , (3.19) 


where 


r2(t,£,y) := A(t,y){')p{\vy(t,£,y)\) - ■ip{\h'{£ - y)\)). 
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Assume now for contradiction that w attains its maximum at some point {to,£, yo) G 82 - At this maximum 
point there holds 

w{to,£,yo) > 0, wt{to,£,yo) >0, Wyyito,£,yo) < 0. 

Furthermore, (to, £, yo) is an inner point of S 2 , hence Wy{to, £, yo) = 0. Since, by dehnition of w, 

e~*°{vy(to,£,yo) + h'{e - yo)) =0 
we have r 2 {to, £,yo) — 0. Also note that 

Wx{to,£,yo) = e~*°{v^{to,£,yo) -h'{£-yo)) > 0, 

that is, using (13.7b , 

Vx{tQ,£,yo) > h'{£ - yo) > qo > 0 (3.20) 

and consequently, due to (13.5b . 

ri{to,£,yo) = -b{to,£,u,Vx)vx + g{to,£,u,Vx) < 0. 

In summary, we have 

-Wt-w + A{t,y)wyy+r2e~*°+rie~^°<0 at (f, x, y) = (fo, yo), (3.21) 

in contradiction to (13.19b . Therefore, w does not attain a positive maximum in 82 - In the same way we 
consider u; on S'!. Given {t, x, —£) G S'!, we derive from 

-Ut{t,x) + a{t,x,u,u^)u^x + f{t,x,u,u^) = -£) + b{t, -£,u,u^)u^ + g{t, -£,u,Ux) = 0 


by subtraction and by using (13.4b the inequality 

-Vt{t,x, -i) + A{t,x){vxx + i’ilvxD) + ro{t,x, -£) > 0 


where 


Since, due to (13.8b . 


we further obtain 


ro{t, X, -£) := 6(f, -f, u, -Vy)vy - g{t, -£, u, -Vy). 

A{t, x){h"{x + f) + ii^{\h'(x + f)|)) = 0 


- wt - w + A(t,x)wxx + r^e ^ + r^e * > 0, {t,x,-£)G8i 


(3.22) 


with 

r 4 (<,x, -£) ■— A(t,x){'il}{\vx{t,x, -£)\) - V’(|h'(x + £)|)). 

Assume for contradiction that w attains its positive maximum at a point {to, xq, —£) G 81 with xq 7 ^ £■ 
From Wx{to, xq, —£) = 0 we deduce r 4 {to, £, yo) = 0. Furthermore, since 

0 < -Wy{to,xo,-£) = e~*°{-Vy{to,xo,-£) - h'{xo+£)), 

it follows from (13.7b that 

-Vy{to, Xo, -£) > h'{xo + ^) > yo > 0, 
and thus ro{to, Xo, —£) < 0 due to (13.5b . Consequently, 

-Wt -W + A{t, x)wxx + r 4 e“‘ + rac”* <0 at {t, x, y) = {to, xq, -£) 

in contradiction to (l3.22b . Thus, w does not attain a positive maximum on 81 . 

Next, we consider w on 83 and S' 4 . Since x = y for {t, x, y) G 83 and h{0) = 0, we clearly have w = 0 
on 83 so that w does not attain a positive maximum on 83 . Given {t, x, y) G 84 we have x — y = kq- Now 
dH implies h{Ko) = 2 M = 2 |rt(f, x)|n^, hence 

w{t, X, y) = u{t, x) - u{t, y) - h{Ko) < 0, 

and w thus does not attain a positive maximum on S '4 either. 
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Finally, since for {t, x,y) € B we have f = 0, ( 13.91 1 yields 

w{t, X, y) = iu°ix) - u°{y) - h{x - y)) < 0, 

and w does not attain a positive maximum on F if kq < . 

Case 2: kq > 2i. In this case, the set 5*4 is empty while the sets Si and S 2 also contain the set 
{{t, I, —£) : t G {0, t ]}. We have to show therefore that w does not attain a positive maximum on this set. 
For, note that at the points {t, t) and {t, —£) the function u satisfies according to (ll.21 l 

-ut(t, £) - b{t, £, M, Ux)ux + g(t, £, u, u^) = -ut(t, -£) + b{t, u, Wx)wx + g{t-, -£, u, u^) = 0 

from which we get 

-wtit,£,-£) - b{t,£,u,Ux)ux + g{t,£,u,Ua;) - b{t,-£,u,Ux)ux - g{t,-£,u,Ux) = 0. (3.23) 


Assume for contradiction that w attains a positive maximum at some point {to, £, —£) with to G (0, r]. Then 

WxitoJ, -£) = e~*{ux{to,£) - h'{2£)) > 0, 

-Wy{to, £, -£) = e~*{uy{to, -£) - h'{2£)) > 0 

and (I 3 . 8 I 1 implies 

Ux{toJ) > h'{2£) > go > 0, 

Uy{to, —£) > h'{2£) > go > 0- 

From this and (13.5b it follows that 

-b{t, £, u, Ux)ux + git, £, u, Ux) < 0, -b{t, -£, u, Ux)ux - g{t, -£, u, Ux) < 0 


and hence, from (13.23b . that 


- wt{to,£, -£) > 0. 

On the other hand, since w attains on {{t, £, —£) : f € (0, r]} a positive maximum, we have 

w{to,£,-£) > 0, wt{toJ,-^)>0 


and further 

-wt{to,£,-£) = -e*{w{to,£,-£) +wt{to,£,-£)) < 0 
contradicting (13.24b . So, w does also not attain a positive maximum on F if ko > 2£. 


(3.24) 


Consequently, we have shown that w does not attain a positive maximum in Pt and thus 

w{t,x,y)<0, {t,x,y)GPr. 

In the same way one shows that the function wi , defined by 

wi{t,x,y) := u{t,y) - u{t,x) - h{x - y), {t,x,y) G Pt, 

satisfies 

Wi {t, X, y) < 0, {t, X, y) G Pt- 

Together we deduce 

\u{t,x) - u{t,y)\ < h{x - y), {t,x,y) G Pt , 

and putting 

Qt ■■= {{t,x,y) : {t,y,x) G Pt} , 
and using symmetry with respect to the variables we conclude 

\u{t, x) - u{t, y)\ < h{\x - y\), {t, x, y) gQt^Pt, 

with 

Qt'JPt = {(f, x,y) gR^ : 0 < |a; - y| < kq, \x\ < £, \y\ < £, t G [0, r]}. 
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Since h(0) — 0 we obtain 

lux(i,x)l < h'(0) = qi, 

According to ( I3.61 l the number qi depends only on K, M, qo, and ip. This proves Theorem l3.ll 


(3.25) 

□ 


It may be worthwhile to note that (I3.61 l yields more information on the gradient bound Mi — qi. Condi¬ 
tion (13.5b is needed because of the dynamical boundary condition (11.2b . A simple situation for which (13.5b 
holds is obtained by strengthening condition (13.3b to 


OO 



(3.26) 


Indeed, in this case there exists for each qo > 0 some > 0 such that (13.6b is satisfied. Then (13.5b holds 
e.g. if 6 > ^ > 0 and g is bounded. 

3.1.2. Gradient estimates under a weakened Bernstein-Nagumo condition. In Il29l it was shown for clas¬ 
sical (i.e. Dirichlet, Neuman, or Robin) boundary conditions that gradient estimates hold true for the more 
general situation that a term fi{t,x,u,Ux) is added on the right hand side of (II.lb which may arbitrar¬ 
ily increase in the gradient variable provided it satisfies a homogeneity condition (see (13.29b below). We 


similarly extend Theorem l3.1l for dynamical boundary conditions. 

More precisely, we may consider 

Ut - a{t,x,u,Ux)uxx = f{t,x,u,Ux) + fi{t,x,u,Ux), {t,x) e (0,r) X {-£,£), (3.27) 

together with the boundary condition 

ut±b{t,x,u,Ux)ux = g{t,x,u,Ux) + gi{t,x,u,Ux), fG(0,T), x = ±£, (3.28) 

where we impose on /i and gi the following conditions: 

fi{t,y,zi,±p) - fi{t,x,Z 2 ,±p) > 0 (3.29) 

for —£< X < y < £, —M < zi < Z 2 < M, p >0, 

fi{t,x,zi,±pi) - gi{t,£,z 2 ,±P 2 ) > 0 (3.30) 

for —£< X < £, —M < zi < Z 2 < M, qo < pi < P 2 , and 

gi(t,£,zi,-pi) - fi{t,x,Z 2 ,-p 2 ) > 0, gi{t,-£,zi,pi) - fi{t,x, Z 2 ,P 2 ) > 0 (3.31) 

for —£< X < £, —M < zi < Z 2 < M, qo <p 2 <Pi. Then we can prove: 


Theorem 3.2. Let M > 0 and suppose (IOi-(l331i and (I3.29b - (l3.31b . Then there exists a constant Mi := 
Mi[qo,M,ip,K) such that if u is any classical solution to (13.27b . (13.28b on fix with t < T subject to 
u(0, •) = satisfying |w|o^ < M, then |wa;|nT < Mi. 

Proof. Except for small changes the proof is the same as for Theorem 13. II Indeed, using ( 13.27b instead of 
(fO . inequality (13.14b has to be replaced by 

-Wt -w + A{t, x)wxx + A{t, y)wyy + re~* > fi{t, y, u, -Vy) - fi{t, x, u, Vx), (t, x, y) € Pr\ T. 

(3.32) 

Assuming that w attains a positive maximum at some point {to,£, yg) G Pr \ T, we deduce (see (I3.16b l 

Vx(to,£,yo) = -Vy(to,£,yo) 


and so it follows from (13.32b and (13.29b that 
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in contradiction to (13.171 1. the latter being derived exactly as in Theorem l3.ll Following the proof of Theo¬ 
rem |3T| one then considers w on 82 - Replacing / by / + /i and p by p + pi, we obtain instead of (13.191) 
the inequality 

—Wt — w+A{t, y)wyy + r2e“‘ + rie“‘ 

(3.33) 

> e [fi{t,y,u{t,y),-Vy{t,i,y)) - gi{t 4 ,u{t,y),-Vy{t,(.,y))\ 
for (f, f, y) € 82- Assuming that w attains a positive maximum at (foi 2 / 0 ) G S2 then (see (13.201 )') 

Vx{toJ,yo) > -Vy{to,£,yo) > qo 

and ( 13.301 ). (13.331 ) entail that 

-Wt -W + A{t, y)wyy + r 2 e“* + rie“* >0 at (fo, f, yo) £ 82 

contradicting (13.211) . The rest follows analogously to the proof of Theorem l3.ll □ 

3.1.3. Gradient estimates for mixed boundary conditions. In ll^ Lemma 1-Lemma 3] gradient estimates 
were derived for solutions to (11.lb subject to Dirichlet, Neuman, or Robin type boundary conditions. In¬ 
spection of the proofs therein and the one of Theorem l3. II shows that such estimates can be obtained under 
the assumptions of Theorem l3.1l when a Dirichlet, Neuman, or Robin type boundary conditions is imposed 
on one boundary part and the dynamical boundary condition (IL2b on the other. We formulate the precise 
result in the exemplary constellation that u satishes atx=—£ the dynamical boundary condition 

ut - b{t,-£,u,Ux)ux = g(t,-£,u,Ux), t € {0,T), (3.34) 

and at X = £ the homogeneous Dirichlet condition 

«(£,£)= 0, fe(0,r). (3.35) 

All other cases can be considered as well. 

Theorem 3.3. Let M > 0 and suppose (IT2l)-(lL4l) and 

-g{t, -£, z, p) < bit, -£, z, p)p, -git, £, z, -p) < bit, £, z, -p)p, 

for it, z) £ (0, r] X [—M, M] and p > qq. Then there exists a constant Mi := Miiqo, M, ip, K) such that 
if u is any classical solution to ( 1 1.1 b , ( 13.34b , ( 13.35b on fir with t < T subject to u(0, •) = vP satisfying 
|u|a^ < M, then \ux\nr < -^i- 

Proof. The proof is the same as for Theorem l3.1l except when considering the behavior of w and wi on 82. 
That both functions do not attain a positive maximum on 82 can be shown as in Il29l Lemma 3]. □ 

Theorem 13.31 seems to be interesting in connection with the blow up result proven in ||2l Proposition 
2.14]. There the special case 

Ut - Uxx = ' 0 (Wx), 

uit, 0 ) = 0 , 
utit,£) +Uxit,£) = 0 , 

m(0, x) = u°(x), 

of ( 11.lb . ( 13.34b . ( 13.35b was considered and shown that if ■!/; £ (0, 00 )) with 

lim inf'0(s) > 0 

S^OO 

violates (13.26b . then there is £ > 0 such that for each £]) with u°(0) = 0, the corresponding 

classical solution to (13.36b evolves a gradient singularity in hnite time, even if the solution itself stays 
bounded (see also ||7] Remark 2.15]). 

Note that assumption (13.5b is satisfied for (13.36b . If the function ip satisfies (13.26b . then ( 13.3b holds for 
any qq > 0 and any bounded solution u to (13.36b . Thus, if u is any bounded solution to (13.36b subject to 


£ > 0, 0 < X < £, 

t > 0, 
t > 0, 
t > 0, 


(3.36) 
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some globally Lipschitz continuous initial value then \ux \ does not blow up in finite time according to 
Theorem l3.3l Consequently, Theorem B. 31 sharpens the statement of IH Proposition 2.14] in the following 
way: If (13.261) is violated and if rt is a maximal solution to (13.361 1 on [OjC*") x with j-cxd for 

f ^ as constructed in Q Proposition 2.14], then 


1 r 

2 7 V'(p) 

0 




3.2. Holder estimates on the gradient and global existence. We next state a result on Holder estimates 
on the gradient of a solution to (II.lb . (11.2b . It turns out that one can apply the existing theory ll2^ Chapter 
VI] rather easily for which the assumptions of Theorem [34] have to be strengthened just slightly. 

Corollary 3.4. Let £j)for some a G (0,1) and let ( I3.2b -( l3.5b be satisfied with M > 0. 

There are numbers S := 5{M, a) € (0, a] and C* := C^:(M, ip, {u^)q) such that if u G is any 

classical solution to (foil . (O on Llr with t < T subject to u{0, •) = satisfying < M, then 

< a. 

Proof. Owing to Theorem l3. 1 I there is a constant Mi = Mi {M, ip, K) independent of r such that lux |n^ < 
Ml. Since a and / are continuous and a is positive, it follows that there is p > 0 such that 

lJ-~^ <a(t,x,z,p) < fi, \f(t,x,z,p)\ < fi, {t,x,z,p) gLIt X [-M,M] X [-Mi,Mi]. 

Moreover, setting 

Cl := inax{\b{t,±£,z,p)p\ + \g{t,±£, z,p)\; {t,z,p) G [0,T] x [-M,M] x [-Mi, Mi]} 

we have maxjgjo.r] \ut{t, ±^)| < ci due to (11.2b . The assertion is now a consequence of ll^ Chapter VI, 
Theorem 5.1]. □ 

Summarizing our hndings we can simplify the criterion for global existence to problem (II.lb . (11.3b from 
Theorem 12.21 While the latter requires a uniform bound on the Holder norms of solutions, the following 
corollary states that bounds on the supremum norm are sufficient. 

Corollary 3.5. Let a G (0, 1) and suppose that ( 12.7b holds, where b and g are gradient-independent and 
a > 0 and b > 0. Consider vfi G £]) satisfying the compatibility condition (12.9b . Suppose there 

is a constant M > 0 such that (IT^-(IT5b are satisfied. If the unique solution u to (fO l. (fOl) subject to 
u(0, •) = vP on the maximal interval of existence [0, Too) provided by Theorem \2.2\ satisfies juln^ < M for 
T < Too, then u G 

Proof. Let u be the unique solution to (II. lb . (11.3b subject to u(0, •) = vP on the maximal interval of exis¬ 
tence [0, Too) provided by Theorem l2.2l and suppose that juln^ < M for t < Too. Then, by Theorem l3.ll 
Corollary 13.41 and arguments parallel to those at the end of the proof Theorem |2]2] (cf. (I2.16b - (l2.19b ) we 
have 

\u\’ff^’^+'Uc{M,£,T) 

for some <5 g (0, a] and some constant c(M, £, T) independent of t. By embedding we obtain 

sup (juln, + \ux\n., + < oo . 

r<Taa 

The assertion follows now from a further application of Theorem l2.2l □ 

Remark 3.6. For simplicity we stated Corollarv \3.5\ onlv for the case of the Bernstein-Nagumo condition 
considered in Theorem \3.1\ The result is also true in the case of the weakened Bernstein-Nagumo condition 
considered in Theorem \3.2\ 
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3.3. A priori estimate on the solution. In the previous subsections we have derived a priori estimates on 
the gradient and its Holder norm of a solution u to (II.11 1. (11.2b in dependence on |M|n^ ■ As in ll2^ Chapt. I, 
Thm. 2.9] we shall now also consider a simple situation for which one can derive an a priori bound on 
|u|f 2 ^ itself. This yields the bound ( 13.1b required for global existence. 


Let there be a number B > 0 such that / and g satisfy the growth conditions 
zf{t, X, z,Q) < ^{\z\)\z\ + B, zg{t, ±i, z,p) <<^{\z\)\z\-\- B, {t, a;, z,p) G x K x 
where <1> is a non-decreasing positive function on [0, oo) with 

poo 1 

/ dr 


Let (j){^) be defined for ^ G (0, oo) by 


Jo 


$(r) 


= oo. 


= lne 


(3.37) 


(3.38) 


and note that (p is monotonically increasing from —oo to oo with 0(1) = 0 and satisfies $(0(^)) = ^0'(^) 
for ^ > 0. Then solutions to (11. lb . (11.2b are bounded; 


Proposition 3.7. Suppose (13.37b with (13.38b and set 

M := inf |0(^) : A > 1, ^ = max|l, 0“^ ( (A-f)$(0) ) ’ 

Ifu is any classical solution to (fO . (O on fir with T < T subject to m(0, •) = vP, then |u|a^ < M. 


Proof. The proof follows along the lines of the proof of ll^ Chapt. I, Thm. 2.9] and differs merely where 
the dynamical boundary conditions come into play. For the reader’s ease we give the complete proof here. 
Put u = 4>{v) and, given A > 1, set 

v{t,x) := {t,x)£flr. 

Let V attain its maximum at some point {to, xq) G fir- We want to derive an upper bound on v and may 
thus restrict to the case v{to, xq) > that is, v{tQ, xq) > 1 and u{to, ccq) > 0. Let 

r := {0} X [-£,£] U (0,t) x {±i} 


be the parabolic boundary of fir- 

Case 1: Assume {to, xq) G \ L. In this case, {to, xo) does not belong to L and at this point we have 
v{to,Xo)>0, Vr:{to,Xo) =0, Vxx{to, Xq) < 0, Vt{to,Xo)>0. (3.40) 

According to (Ol, 


vte^* + Xve^^ 


a{t,x,u,Ux) 



r{v) 

(j)'{v) 




X,U,Ux) 


and thus, by (13.40b . 

\v{to,xo)e^*° < -^^f{to,xo,u,Q). 

Multiplying the previous inequality by f {v{to, xo))u{to, xo) > 0 and invoking (13.37b yields 
X(j)'{v)vu < f{to, Xo, u, 0)u < B + $(u)u at {t, x) = {to, Xo), 


which also reads 

{X — l)^{u)u<B at {t,x) = {to,XQ). 
Hence, since $ is non-decreasing, 

u{to,Xo) < 


B 


(A-1)$(0) 
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from which we deduce, since ^ ^ is increasing, 
v{t,x) < e^*v{to,xo) = (j)~^{u{to,xo))e^^*~*°'^ < ( (A -f)$(0) ) ^ 

Case 2: Assume {to,Xo) € F. Suppose first that to = 0. Then 

v{t,x) < e^*v{to,Xo) = e^*(j)~^{u{0,xo)) < {t,x) e fir- (3.42) 

If to 7 ^ 0, then {to, xo) G (0, r) x {±f} in which case we may use the boundary condition (11.21) . So, if 
(fo,a;o) G (0,t) X {£}, then ■,■) >0 and the fact that {to , £) is a point of a positive maximum imply 

v{to,i)>0, vt{to,£) = 0, b{to,£,u{to,i),Ux{to,£))vx{to,() >0. 

From (11.21) and (13.371) we deduce, at {t, x) = {to,i), 

X(j)'{v)ve^* < e^^(j)'{v){Xv + Vt) + b{t,x,u,Ux)(j)'{v)e^^Vx = g{t,£,u,Ux) < B + $(u)u, 

which again reads 

(A — l)<i)(M)M < B at {t,x) = {to,£) 

and we may proceed as in Case 1 to derive (13.411 ). Clearly, the same argument holds when (foj^co) G 
(0,r)x{-^}. 

Combining the different cases from (13.411) and (13.421) we derive that 

inaxM < M 

with M given in (13.391 ). Considering —u on fir yields an estimate from below on u. This proves the 
assertion. □ 

Corollary 3.8. Let a € (0,1) and suppose (12.71 ). Consider vP G C‘^'^°^{\—£, £\) satisfying the compatibility 
condition ( 12.91 ). Suppose (13.371 ) with (13.381) and that (13.21 )- (13.51) are satisfied with M given in ( 13.391 ). Then 
there exists a global solution u G to (11.11) . (11.3b subject to u(0, •) = vP. 

Proof. This now follows from Theorem l2.21 Theorem l3.ll Corollarv l3.41 and Proposition [TTl D 

Remark 3.9. For simplicity we stated the global existence result of Corollarv \3.8\ onlv for the case of the 
Bernstein-Nagumo condition considered in Theorem \3.1\ The result is also true in the case of the weakened 
Bernstein-Nagumo condition considered in Theorem \3.2\ 

As a final remark let us point out that, as in 123, we could replace (11.1b by the more general equation 

Ut = F{t,X,U,Ux,Uxx) 

and derive similar results provided that F is differentiable with respect to its last variable. 


4. Appendix: Notation and Parabolic Holder Spaces 


We provide in this appendix the definition of parabolic Holder spaces, for more details we refer e.g. 
to 02311241 . Recall that H = {—£, £) and VLt = (0, T) x H. Let Q be an interval in R and a G (0,1]. Then 
M : (3 ^ R. is uniformly a-Holder continuous if 


i(«) 


:= sup 

x.y&Q 


\u{x) - u{y)\ 


\x - y\^ 


< 00 . 


We say that u : Q is a-Holder continuous if every point in Q has a neighborhood Q' C Q such that 
u\qi is uniformly a-Holder continuous. Note that a-Holder continuous functions are uniformly a-Holder 
continuous on compact sets. Clearly, 1-H61der continuous functions are Lipschitz continuous. Given fc G N 
and a G (0,1) we let C’^~^°‘{Q) be the space of all fc-times continuously differentiable functions on Q 
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such that the A:-th derivative is a-H61der continuous. If u : S' —R is bounded on a set S, we denote its 
supremum norm by |m| 5 , i.e. 

\u\s ■■= sup|u(a;)|. 

x^S 

If Q is bounded and fc G N, a € (0,1) given, we put 

■.= Y.\d=^\q + [d'^ 4 q^ 

j<k 


for u G 

Let T > 0 and Qt = (0, T) x Q. We let be the space of all continuous real-valued functions 

defined on Qt having continuous derivatives ut, Uxx on Qt and we use a similar notation on Qt- 

The parabolic Holder spaces C~^'^~^°‘{Qt) for fc G N and a G (0,1) are defined as the set of functions 
u : Qt R having finite norm 


i^,k+a) 


{!^,k+a) 


where, if A: = 0, 
with 

and, if k>\. 


\Qx ■= XI ’ ' ' < 

2io+i<fc 




xeQ ie(O.T) 


t.Qr ^ \^Ix,Qt 

(“) _ 




:= X + X {DrDiu)[^j. 

2io+J=fc 2jo+j=k-l 


(4.1) 


Since globally Holder continuous functions are uniformly continuous, it follows that 

Dt°Di.u G C{Qt), 2jo + j < k, 

foru G C^^’’^~^°'{Qt)- 

The following interpolation inequalities are quite useful. We refer to ll22l Thm.8.8.1] (see also ll22l 
Exercise 8.8.2]) for a proof. 


Proposition 4.1. There is a constant c = c{Q) such that for u G C^'^2 ’^~^°'{Qt)-' 
\ut\Q^ + \nx.\Qx < 

/ ^rT(l-ta)/(2-ra),.l-(l+«)/(2-ra) 

\u-xIQx. ^CU2+a ^0 > 

/„\(f< „rra/(2+a)7-7l-a/(2+a) 

W/Qr LC(.72-|-a ^0 > 

where Uq ■= \u\qx andU 2 +a ■= 


(4.2) 
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